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1 Introduction

One of the primary applications of the field of nonlinear optics is to produce different fre-

quencies of light. Given any wave of light, the frequency of the wave can be transformed

into another frequency through nonlinear optical processes. One of the most prevalent and

difficult challenges to overcome in nonlinear optics is to produce a bright and coherent har-

monic signal. The brightness of the signal can be increased by involving higher-powered

light sources. The coherence of the signal, however, is difficult to build up, and the phases

of the fundamental and harmonic signals tend to destructively interfere within the nonlinear

medium before a coherent signal is achieved. The nonlinear medium that produces optical

harmonics can be engineered to correct for the phase mismatch. However, in the case where

the material itself is being investigated (like in the field of biological microscopy, which may

use nonlinear optics as a tool) [1], manipulating the material would damage the proper-

ties being investigated. The goal of this project was to investigate our understanding of

phase mismatch in second harmonic generation (SHG), a nonlinear optical process. Using a

novel technique called “all-optical quasi-phase matching” (AO QPM), the phase mismatch

between the fundamental and harmonic beams can be corrected for using interfering light

waves, therefore bypassing the need for engineering the material to correct the phase mis-

match between the fundamental and harmonic signals. We present a year’s worth of scientific

investigation into controlling phase mismatch in SHG using the AO QPM technique.

This thesis is broken up into a few primary sections. Section 2 (Theory) details the back-

ground information regarding nonlinear optics, SHG, the nature of phase mismatch, and

various techniques of phase matching. Section 3 (Experiment) discusses our procedure for

collecting data in order to understand the properties of phase matching, and also describes

the experimental setup we used in the investigation. Section 4 (Results and Analysis) dis-

cusses several important, post-experimental details: the correlation between the power ratio

of two counterpropagating beams and the resulting amplitude of the second harmonic sig-
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nal; Fourier analysis that was conducted on the signal to better characterize and model it

in comparison with a simulated signal. Section 5 (Conclusion) describes the next planned

phase of the project, and what can be improved for better data and analysis.
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2 Theory

2.1 Second Harmonic Generation

We begin our discussion with the theory behind nonlinear optics. Imagine that an oscillating,

time-dependent electric field, ~E(r, t), is applied to a neutral atom. Through the interaction

between the field and the atom, the electrons and nucleus respond by becoming polarized. In

the case of a weak field, the response is a linear function that is proportional to the strength

and direction of the electric field. It can be expressed as

P = ε0χ
(1)E, (1)

where P is the polarization response, ε0 is the permittivity of free space (8.8542 × 10−12

C2/Nm2), χ(1) is the linear electric susceptibility, and E is the magnitude of the electric

field [2]. The linear electric susceptibility is a property of the material, and it is related to

the material’s index of refraction via

χ(1) = n2 − 1. (2)

where n is the material’s index of refraction [3]. Imagine that the electrons and nucleus are

attached to each other by a spring that abides by Hooke’s Law [4]. The oscillating electric

field polarizes the atom, and the atom begins to undergo simple harmonic motion with the

same amplitude and frequency as the external field. Given a weak field, this linear behavior

is a sufficient approximation [5] [4].

Like the behavior of a Hooke’s Law spring, the linear polarization can quickly become an

inaccurate description of motion as the external force applied is increased. As the force

increases, the response of the spring becomes increasingly nonlinear, thus deviating from
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the linear approximation of Hooke’s Law [5] [4]. In the case of the spring, it is usually

irrevocably stretched and thus damaged. The same deviation from linearity applies to the

polarization response of the atom in response to an external force. Given a strong (1010

V/m) electric field, which exceeds the interatomic field strength of the Coulomb potential,

the linear polarization response must be modified by a power series [6] [4]. The power series

is

P = ε0

(
χ(1)E + χ(2)E2 + χ(3)E3 + · · ·

)
. (3)

Equation 3 is a series expansion of Equation 1, which allows us to include higher order terms

to describe the polarization response as it deviates from the linear function. Assuming that

we have a single, sinusoidal electric field, expressed as

E(t) = E0 sin(ωt), (4)

we can substitute it into our power series [5]. Our series then becomes

P = ε0

(
χ(1)E0 sin(ωt) + χ(2)E2

0 sin2(ωt) + χ(3)E3
0 sin3(ωt) + · · ·

)
, (5)

of which the first two terms can be rewritten as

P = ε0

[
χ(1)E0 sin(ωt) +

1

2
χ(2)E2

0

(
1− cos(2ωt)

)
+ · · ·

]
. (6)

where the first term in the series is the linear polarization response of the atom to the

sinusoidal field, and the second term shown is the first correction introducing optical har-

monics related to the polarization response [5]. The higher harmonic terms are paired with

increasingly-smaller susceptibilities. For this reason, the higher harmonics are not typically
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noticeable in natural optical processes. Given a weak field, the higher terms become neg-

ligible, and the expression reduces to Equation 1. Stronger fields are necessary in order to

produce bright nonlinear fields. By using a stronger fundamental field, we permit the pos-

sibility of producing several different frequencies of light. One of the processes that has the

possibility of occurring is SHG.

The second term in the series describes several different types of nonlinear processes. These

phenomena are listed in Table 1 [3].

Table 1: Known phenomena associated with second-order nonlinear processes. Adapted from Table 15.1 of
Robert Guenther’s Modern Optics.

Incident Field Frequency Polarization Frequency Process
ω1, ω2 ω1 = ω1 + ω2 Sum Frequency Mixing
ω1 ω = 2ω Second Harmonic Generation
ω1, 0 ω = ω1 Pockels Effect
ω1, ω2 ω = ω1 - ω2 Difference Frequency Mixing
ω1 ω1 = 0 Inverse Electrooptic Effect,

DC Rectification

The part of the second term in the series that describes frequency doubling, otherwise known

as SHG, involves the cosine term [7]. The argument of the cosine term hints at a frequency

that can be produced, which is double the fundamental frequency. After all, SHG is a quan-

tum mechanical process, involving two incident photons, each with an energy ~ω. There is a

slight chance, given the two interacting photons, that both photons will be destroyed and a

single photon will be created with an energy twice that of the original photons, or 2~ω (thus

obeying conservation laws) [2] [1]. Since the probability of producing SHG light is small,

a strong field is necessary to increase the intensity of the SHG light that happens to be

produced, thus making it a more probable event (and, therefore, more noticeable).

Producing a strong field is relatively easy, thanks to the invention of the laser [8]. Lasers

are easily tunable, and can yield a narrow band of frequencies that make the beam easier

to control and characterize. Furthermore, the laser beam has a narrow cross-section, which
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means that the intensity of the laser is focused to a small point. Whatever amount of power

that goes into producing the laser is maximized by narrowing the beam cross-section in

space. Finally, the laser can also be emitted in periodic bursts, which localize the intensity of

the beam in time. Given a focused, pulsed laser, the intensity can be maximized via spatial

and temporal localization, making the laser an ideal piece of technology to create noticeable

second harmonic events.

However, another ingredient necessary for producing a noticeable SHG (or any nonlinear)

signal is coherence. Producing a strong field that interacts with a medium composed of, say,

several atoms, comes with a host of other problems. One of the major problems that inhibits

the coherent production of SHG light is that due to dispersion, resulting in the mismatching

of phase between the fundamental and harmonic signals. The problem of phase mismatch

shall be discussed in the following subsection.

2.2 Phase Mismatch

How do we produce a coherent SHG signal? If we consider the example of a single atom

responding to an oscillating electric field, there is a chance that the response will be SHG. For

a noticeable SHG signal to be produced from a medium, we require several atoms responding

to the fundamental field in a similar way. More specifically, all of the responses need to be in

phase with each other. In the case of complete phase matching conditions, the total radiated

field produced by the atoms is simply the sum of all of their individual contributions –

complete constructive interference [1].

However, the conditions for complete phase matching are hard-sought. Dispersion is the

main obstacle preventing coherent SHG signals from being produced easily. All materials

have an index of refraction, n, which can be viewed as the frequency-dependent response of

the material to incident electromagnetic radiation [1]. The relationship between the index

of refraction of the fundamental frequency with respect to that of the harmonic can be
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expressed as

n(ω) < n(2ω), (7)

where n(ω) is the index of refraction for a material when responding to the fundamental

wave, which has a frequency ω; n(2ω) is the index of refraction when the material responds

to the second harmonic light that is radiated by the responding atoms, which has a frequency

2ω [1].

The frequency-dependent responses of both the fundamental and harmonic fields are des-

tined to naturally fall out of phase with each other, at least periodically, since they respond

differently to the nonlinear medium. A phase mismatch between the wave vectors thus be-

comes an intrinsic problem of producing coherent SHG light. The wave vector, ~k, of any

wave, in this case an electromagnetic wave, defines the direction of travel. The magnitude of

~k is 2π
λ

, where λ is the wavelength of light. Phase mismatch can be defined as the difference

between the harmonic wave vector, ~k2ω, and the fundamental wave vector, ~kω, as

∆~k = ~k2ω − 2~kω, (8)

where ∆~k is the difference in wave vectors, ~k2ω is the wave number of the SHG light, and ~kω

is the wave number of the fundamental light source [1].

In the ideal case where we have a coherent SHG signal, the difference between the wave

vectors is minimized (∆k = 0) [1]. In most cases, when there is a difference in wave vectors,

the interacting fields periodically go in and out of phase with each other. This corresponds

to constructive and destructive interference that periodically occurs over the length of the

medium [1]. We can define a coherence length as the distance over which the fundamental

and harmonic waves accumulate a phase difference. The phase difference is equal to π, and
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the interaction, or coherence, length can be defined mathematically as

Lc =
π

∆k
, (9)

where Lc is the coherence length and ∆k is the difference in the fundamental and harmonic

wave vectors [1]. Figure 1 demonstrates true phase matching conditions in comparison to the

typical condition where the phases periodically build up and decay over several coherence

lengths.

Figure 1: The intensity versus interaction (coherence) length of SHG light. With true phase matching con-
ditions, the intensity increases rapidly. Otherwise, the phases of both the fundamental and harmonic signals
will at least partially go out of phase with each other, preventing coherence from being built up. Courtesy
A. Lytle.

By using the equation describing a wave vector, k = 2πn
λ

, where n is the index of refraction of

the medium and λ is the wavelength of light in vacuo, and substituting it into our expression

for phase mismatch, we get

∆~k =
2πn(2ω)

λ2ω

− 4πn(ω)

λω
, (10)
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where n(2ω) is the index of medium of the material responding to second harmonic light,

n(ω) is the index of refraction for the fundamental signal, λ2ω is the vacuum wavelength of the

second harmonic signal, and λω is the vacuum wavelength of the fundamental signal.

Taking it a step further and noticing that, since we are describing the generation of second

harmonic waves, λω = 2λ2ω, we get:

∆~k =
4π

λω

(
n(2ω)− n(ω)

)
(11)

The phase matching condition is dependent upon the difference in the index of refraction

both in response to the fundamental light and the second harmonic light. If both indices are

equal, the phase mismatch becomes zero, and the waves are both in phase.

2.2.1 Birefringent Phase Matching

If one is not concerned with the properties of the material being used during SHG, then we

can take advantage of the index-dependency of the phase matching conditions. There is a

special class of material that exhibits two orientation-dependent indices of refraction. Bire-

fringent crystals can be used to exactly match the phases of the fundamental and harmonic

signals. The coherence of the SHG signal can be built up exactly in accordance to true phase

matching, since the two indices of refraction cause the difference between the phase vectors

to become zero [1]. Figure 2 demonstrates an identical situation as Figure 1.
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Figure 2: The intensity versus coherence length of an SHG signal. Using birefringent media, the phase
matching conditions are optimized so that ∆~k = 0, producing an identical curve to true phase matching.
Courtesy A. Lytle.

2.3 Quasi-Phase Matching

2.3.1 Periodically-Poled Quasi-Phase Matching

Quasi-phase matching (QPM) is another way of producing coherent second harmonic light.

The idea behind QPM is to suppress the destructive interference zones where the phases

begin to mismatch. Over several coherence lengths, the intensity can be built up in stages.

One method of QPM is called periodically-poled quasi-phase matching (PP QPM). The

material is layered in such a way as to produce a flip in the phase of the harmonic light,

which is achieved by reversing the sign of the nonlinearity of the material. This, in turn,

causes the coherence to be built up over successive interaction lengths [1]. A plot of PP

QPM is demonstrated in Figure 3, and is compared to a true phase matching situation, as

well as when no phase matching has been achieved.
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Figure 3: Demonstrating PP QPM in comparison to true phase matching conditions (also the case of using
birefringent material) and no phase matching. Courtesy A. Lytle.

2.3.2 All-Optical Quasi-Phase Matching

It has been demonstrated that AO QPM can be achieved without the need to manipulate the

medium in which the harmonic light is being generated, both for higher-harmonic genera-

tion [9], as well as in theory for SHG [10]. In practice, AO QPM has been demonstrated using

counter-propagating beams [11]. If one takes a one-dimensional, forward-propagating electric

field, and has it interact with an identical backward-propagating electric field, the phase of

the total field can be modulated to periodically build up the coherence of second harmonic

light. This is akin to the periodic buildup via PP QPM, but without the need for changing

the medium in which the light is being generated. A standing wave can be phase-modulated

to prevent the decoherence from occurring [1]. Figure 4 demonstrates the suppression of the

destructive interference zones due to pulsed, counter-propagating light.
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Figure 4: Demonstrating AO QPM in comparison to PP QPM and true phase matching. The regions that lose
coherence are sustained using a modulated, counter-propagating laser pulse train that disrupts the regions
and allow the overall buildup of coherence. Courtesy A. Lytle.

In order to demonstrate the idea of AO QPM further, we will derive a mathematical expres-

sion of the magnitude and phase of the total wave. We begin by considering the equation for

a forward propagating, one-dimensional plane wave,

Ef (z, t) = Efe
i(kz−ωt), (12)

as well as the equation for a backward propagating, one-dimensional plane wave,

Eb(z, t) = Ebe
i(kz+ωt), (13)

where k is the wave vector, z is the position in the plane, ω is the angular frequency, and t

is time.
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By taking the sum of the two waves, we get an equation that describes a standing wave.

We consider the sum of a forward and backward propagating electric field, Ef and Eb,

respectively. The sum can be expressed as the following:

Etot(z, t) = Ef (z, t) + Eb(z, t) (14)

Etot(z, t) = Efe
i(kz−ωt) + Ebe

i(kz+ωt). (15)

Equation 15 describes the total field of two counterpropagating electric fields. By factoring

out the first exponential term, and in turn by splitting up the arguments within all of the

exponential terms, we can cancel out some equivalent terms and rewrite the sum:

Etot(z, t) = Efe
ikze−iωt + Ebe

ikzeiωt (16)

Etot(z, t) =

[
Efe

−iωt + Ebe
iωt

]
eikz (17)

Etot(z, t) =

[
Ef + Ebe

2iωt

]
ei(kz−ωt). (18)

Equation 18, however, can be simplified further. If we treat the argument within the brackets

as the magnitude, ET , of the total field, the equation can be written as

Etot(z, t) = ET e
i(kz−ωt) (19)

where we have written the total field as an amplitude and a forward-propagating field. For

the remainder of this discussion, we will look at just the amplitude to learn more about
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the interacting fields. We note that the amplitude, ET , is a complex number of the form

z = eiθ:

ET = Ef + Ebe
2iωt. (20)

We are interested in rewriting this in the form

ET = EAe
iΦ, (21)

since that would allow us to use Euler’s Identity to retrieve expressions for the magnitude

and phase of the total field’s amplitude. We recall that Euler’s Identity states

z = reiθ = r cos(θ) + ri sin(θ), (22)

where z is a complex function that can be written as a sum of sines and cosines, r is some

magnitude, and θ is some phase. The magnitude and phase can be written, respectively, as

the following:

r =
√
Re[z]2 + Im[z]2 (23)

θ = arctan

(
Im[z]

Re[z]

)
. (24)

By writing out the magnitude and phase using real and imaginary parts, we can write

expressions for the magnitude and phase of the total field. The magnitude is

ET = Ef

(
1 + r2 + 2r cos(2ωt)

)1/2

, (25)
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and the phase term is

ΦT = arctan

(
r sin(2ωt)

1 + rcos(2ωt)

)
, (26)

where r is defined as Eb/Ef , the ratio of the backward-propagating to the forward-propagating

field magnitudes [1] [11]. It is here we see mathematically what we are trying to understand

in relation to experiment. By changing the ratio of the fields, for instance, we seek to better

understand the corresponding change in total phase. It has been shown through simulation

that, as the ratio of the fields increases past unity, a double-peaking pattern emerges when

plotting ΦT as a function of position z, which can be seen in Figure 5 [1].

Figure 5: Plots of ΦT as a function of z for beam ratios of r = 0.5, r = 1, and r = 1.5, respectively. Courtesy
of colloquium presentation by A. Lytle.
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3 Experiment

3.1 Experimental Setup

The format of our experimental apparatus is shown in Figure 6 [1].

Figure 6: Our setup for the counterpropagating beam experiments.

We use a narrow-band Ti:sapphire laser that oscillates on the order of 10 femtoseconds. The

laser we use is spatially- and temporally-localized, making it sufficient to produce intensities

needed for SHG. The Ti:sapphire laser hits a beam splitter, where one component continues

to move forward, while another component splits off to the right. The beam component

that continues forward hits a set of mirrors on a translation stage, which is controlled by

a ThorLabs DRV517 Piezo actuator, controlled by a strain-gauge feedback system. The

purpose of the translation stage is to change the length of the counter-propagating beam,

which allows us to control the phase matching conditions.

At the same time, the forward-propagating beam is sent around the perimeter of the setup
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via angled mirrors, through a lens, and into the beta-Barium Borate (BBO) crystal. BBO is a

type of crystal that can produce second-harmonic light from its nonlinearity and symmetrical

properties. We used a 30-, 100-, and 500-µm BBO in our various experiments. The two beams

interfere with each other and produce standing waves within the crystal. The forward SHG

beam is then sent into a spectrometer after interacting with a dichroic beamsplitter (which

reflects the SHG beam and transmits the forward-propagating fundamental beam). Each

adjustment in length of the forward-propagating beam produces a slightly different view of

the interference, and each view of the pattern is read by the spectrometer and recorded on

LabVIEW software.

3.2 Procedure

The goal of the experiment was to understand the dependence of the SHG signal amplitude

on the forward- and counter-propagating beam ratios. By introducing a variable, neutral

density filter in either the forward- and counter-propagating beams, we could modulate the

power ratio between the beams and observe the change in the SHG signal. Post-experimental

analysis involved these data from the amplitude modulation runs. The SHG signal amplitude

is directly proportional to the beam power ratio, but the question remains as to how they

are proportional to each other. Our hypothesis is that the proportionality is either linear or

in accordance with a second-degree polynomial.
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4 Results and Analysis

4.1 Primary Results

A plot of the experimental results can be seen in Figure 7. The plots on the left display

the second harmonic signal that was generated, the upper plot showing the signal without

normalization, and the lower plot showing the signal with normalization. The x-axis is the

position (in µm) through the BBO crystal. The y-axis is the wavelength (in nm) as read by

the spectrometer. The z-axis is the intensity of the second harmonic signal, at a particular

position in the crystal and at a particular wavelength. We normalized the signal by taking the

spectrum of the fundamental beam (without the counter-propagating beam, or WOCP), sub-

tracting off an average noise value, and dividing the signal by the noise-subtracted spectrum.

The WOCP spectrum is shown in the upper right plot. The bottom right plot shows the

second harmonic signal at a particular wavelength. The one specifically shown corresponds

to the dashed line in the two plots on the left side of Figure 7.

Figure 7: This is an example plot produced after running the Normalization Procedure on scan data. The
red dashed line indicates the location where the spectrum is being analyzed, as seen on the bottom right
portion of the plot.
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The narrow regions of high and low values in the signal plots are what we believe to be

the regions of suppression and enhancement due to the counter-propagating beams. We

are zoomed-in on one of the regions in Figure 4 where the counter-propagating beam is

suppressing the destructive interference zone along each coherence length.

Reducing the noise is a problem that must be addressed in the future if better data is to

be acquired. The noise floor seems to be currently irreducible since the source of the noise

is primarily mechanical from Hackman and the surrounding environment. If the noise were

easier to characterize, it would be beneficial to make a sinusoidal fit to the second harmonic

signal, in order to produce residuals for characterizing the noise and removing it.

The code used to produce these plots was written in Python, using the Numpy and Matplotlib

packages. It is designed to run with a minimal amount of file dependencies. There are a few

modules that need to be included with the main code structure (aside from the data files

that are used as input parameters), but otherwise the code is primarily condensed into one

file. When running the code from the terminal, the user is immediately prompted to specify

two input files. The LabVIEW code tasked with collecting and organizing the experimental

data placed the relevant scan information into two files. The “a” file is the first required file,

and the “b” file is the second one. The user must specify the spectrum wavelength (in units

of nanometers), which is where the bottom right signal plot is produced. In Figure 7, the

signal is plotted at a wavelength of 403 nm.

The next input required is a smoothing factor, which is proportional to the how many vertical

pixels are averaged together at once during the plotting routine. The basic principle of the

smoothing algorithm is to specify a number, which we will denote as the so-called smoothing

factor, and average that many values in a row. For example, let’s say we have three values

in a list: [3, 11, 7]. Our smoothing factor will be 3. For simplicity’s sake, we will ignore the

bordering values and focus on the center value, which is also the philosophy adopted in the

code itself. The result of our specifications would be a list that reads: [3, 7, 7]. Notice that
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the first and last values in the list are the same as they were before the smoothing took

place. The center value is the average of the three values. This is precisely what occurs in

the smoothing algorithm for the intensity values read from the input arrays. The example

plot in Figure 7 uses a smoothing factor of 11, corresponding to 11 data values average at

a time. Next, the code specifies the range of wavelengths that are plotted, in this case the

range for the top left plot being from 390 nm to 425 nm. The user is asked again for another

smoothing factor for the normalized plot (typically the same), and the wavelength range for

the normalized plot (in this case, the plot is from 394 nm to 415 nm).

4.2 Correlation Between Amplitude and Beam Power Ratio

One of the aims of collecting data was to understand the correlation between the amplitude

of the second harmonic signal and the power ratio of the forward- and counter-propagating

beams. Figure 8 shows data taken between July 6, 2015 and July 9, 2015 of the peak-to-peak

amplitude of the second harmonic signal as a function of beam power ratio. The errors are

the standard deviations of each measurement. The errors were computed on Microsoft Excel,

and the measurements of the peak-to-peak amplitudes were done using Mathematica. The

data in Figure 8 is at a wavelength of 403 nm.

23



Figure 8: A plot of the peak-to-peak amplitude of the second harmonic signal as a function of beam power
ratio, using data acquired between 7/6/2015 and 7/9/2015, at the wavelength of 403 nm. A weighted linear
fit has been added to the data. The errors are the standard deviations of each measurement, computed on
Microsoft Excel. Plot and linear fit were both done using KaleidaGraph.

Both Python and Mathematica proved incapable of applying a sinusoidal fit to the data.

Therefore, these measurements were conducted by hand. Naturally, producing more than

a handful of plots like this is tedious, so the next major step in this part of the project

involves the creation of an automated fitting procedure. There is reason to suspect that the

noise prevalent in the data is responsible for preventing an effective fit. Noise removal, either

post-experiment or reducing it in the experimental setup, is imperative if better correlation

plots are to be produced.

4.3 Fourier Analysis of Interference Signal

Using simulated data of the second harmonic signal, we conducted Fourier analysis in order

to better understand the frequencies of the signal. The simulation is shown in Figure 9. It
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simulated the second harmonic signal resulting from counter-propagating electric fields in a

BBO crystal.

Figure 9: This is the simulated signal, which is the result of modeling two counterpropagating electric fields
within the nonlinear medium of beta-Barium Borate. The plot was produced using Python.

The Fourier analysis was accomplished using Python’s Fast-Fourier Transform (FFT) func-

tion. The result of running an FFT on the simulation is shown in Figure 10. There are two

frequencies in the signal, and those are observed in the FFT plot, to the left and the right

of the origin. The small bump in the center of the plot is the DC peak, which has been

minimized.
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Figure 10: This is the modified Fast-Fourier Transform of the simulated data. Note the reduced DC bump
at 0 Hz, a result of the offset correction in the signal, and the flat baseline which indicates that the data
are simulated. There are two contributing frequencies, which is consistent with what the simulation input
parameters specified.

The next phase of this part of the project involves applying the FFT routine to experimental

data. It would be possible to understand the contributing frequencies in the second harmonic

signal, and it would be potentially useful to understand the noise that is preventing a cleaner

signal from being produced.
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5 Conclusion

5.1 Future Work

5.1.1 Continuation of Data Analysis

The main accomplishments of this project fall into two primary categories: acquiring exper-

imental data and constructing the basic software framework for analysis. The experimental

data showed many promising features that are similar to, but do not exactly match, the

simulated data of two counter-propagating fields in the production of second harmonic light.

We noticed many interested features that we would like to further characterize, and the

first step was to begin investigating the correlation between the beam power ratio of the

counter-propagating fields and the resulting amplitude. It is not yet understood whether the

proportionality is linear or another dependence (like a second-order polynomial). Cleaner

data will help constrain the correlation between the two variables. Continuing the FFT pro-

cedures will also be a next immediate step, as that will help us understand the relationship

between the experimental data and the simulation.

5.1.2 Noise Reduction

Many limitations imposed on our understanding of the experimental data have to do with the

noise inherent in the signal. The experimental setup itself will have to be further stabilized.

The building in which the lab exists is not ideal for experimental nonlinear optics, and the

countless sources of mechanical noise make it nearly impossible to characterize and remove

the noise on the analysis side. Therefore, the primary area of noise reduction will be on the

side of the experimental setup. For instance, we determined after taking a significant amount

of data, that the Piezo actuator we used was faulty. We have recently taken measures to

replace the actuator with a properly-functioning one, which will help reduce errors in the
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signal data.

5.1.3 Development of Analysis Software

The analysis software that has been written so far can take data files produced directly from

the experimental setup, and produce a series of plots based on a few input parameters. The

code structure is straightforward, but not nearly as streamlined and concise as it can be.

There are many dependencies in the file structure in the current way it has been designed.

Future investigators would find a useful task in making the code more user-friendly, compact,

and efficient. It is reasonable to suspect that additional functionality will be added to the

code, and some current functionality will be removed or filed away into a tertiary function.

Of course, there are many bugs in the code, and these will be worked out over time as well.

The current limitations and peculiarities of the code have been well-documented, and future

developers will hopefully improve that for which there was simply not enough time.

28



6 Appendix

6.1 Derivation of the Square of the Total Field

We wanted to see if the simulation results would be different if the full counter-propagating

field was written out. We begin with the total electric field equation:

Etot(z, t) = Efe
i(kz−ωt) + Efe

−i(kz−ωt) + Ebe
i(kz+ωt) + Ebe

−i(kz−ωt). (27)

The polarization of the second harmonic signal is proportional to the square of the total

field, so next we square the previous expression and get

P
(2)
NL ∝ E2

T =

[
Efe

i(kz−ωt) + Efe
−i(kz−ωt) + Ebe

i(kz+ωt) + Ebe
−i(kz+ωt)

]
×
[
Efe

i(kz−ωt) + Efe
−i(kz−ωt) + Ebe

i(kz+ωt) + Ebe
−i(kz+ωt)

]
.

(28)

Next we use the FOIL method to write out the expression more completely:

E2
T = E2

fe
2i(kz−ωt) + E2

fe
i(kz−ωt)−i(kz−ωt) + EfEbe

i(kz−ωt)+i(kz+ωt)

+ EfEbe
i(kz−ωt)−i(kz+ωt) + E2

fe
i(kz−ωt)−i(kz−ωt) + E2

fe
−i(kz−ωt)−i(kz−ωt)

+ EfEbe
i(kz+ωt)−i(kz−ωt) + EfEbe

−i(kz−ωt)−i(kz+ωt) + EfEbe
i(kz−ωt)+i(kz+ωt)

+ EfEbe
i(kz+ωt)−i(kz−ωt) + E2

b e
i(kz+ωt)+i(kz+ωt) + E2

b e
i(kz+ωt)−i(kz+ωt)

+ EfEbe
i(kz−ωt)−i(kz+ωt) + EfEbe

−i(kz−ωt)−i(kz+ωt) + E2
b e
i(kz+ωt)−i(kz+ωt)

+ E2
b e

−i(kz+ωt)−i(kz+ωt).

(29)

Some of the exponential terms cancel (the ones associated with four of the squared field

terms). Also, we group the squared terms in the beginning and the cross terms at the end.

The result of the cancellations and grouping looks like the following:
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E2
T = E2

f + E2
f + E2

fe
i(kz−ωt)+i(kz−ωt) + E2

fe
−i(kz−ωt)−i(kz−ωt) + E2

b + E2
b

+ E2
b e
i(kz+ωt)+i(kz+ωt) + E2

b e
−i(kz+ωt)−i(kz+ωt) + EfEbe

i(kz−ωt)+i(kz+ωt)

+ EfEbe
i(kz−ωt)−i(kz+ωt) + EfEbe

i(kz+ωt)−i(kz−ωt) + EfEbe
−i(kz−ωt)−i(kz+ωt)

+ EfEbe
i(kz−ωt)+i(kz+ωt) + EfEbe

i(kz+ωt)−i(kz−ωt) + EfEbe
i(kz−ωt)−i(kz+ωt)

+ EfEbe
−i(kz−ωt)−i(kz+ωt).

(30)

The next step involves factoring out the field magnitudes and grouping together the associ-

ated terms:

E2
T = E2

f

[
1 + 1 + ei(kz−ωt)+i(kz−ωt) + e−i(kz−ωt)−i(kz−ωt)

]
+ E2

b

[
1 + 1 + ei(kz+ωt)+i(kz+ωt) + e−i(kz+ωt)−i(kz+ωt)

]
+ EfEb

[
ei(kz−ωt)+i(kz+ωt) + ei(kz−ωt)−i(kz+ωt) + ei(kz+ωt)−i(kz−ωt)

+ e−i(kz−ωt)−i(kz+ωt) + ei(kz−ωt)+i(kz+ωt) + ei(kz+ωt)−i(kz−ωt)

+ ei(kz−ωt)−i(kz+ωt) + e−i(kz−ωt)−i(kz+ωt)
]
.

(31)

Next, we separate the kz and ωt terms in the exponentials in order to cancel and simplify

the expression further:

E2
T = E2

f

[
2 + eikze−iωteikze−iωt + e−ikzeiωte−ikzeiωt

]
+ E2

b

[
2 + eikzeiωteikzeiωt + e−ikze−iωte−ikze−iωt

]
+ EfEb

[
eikze−iωteikzeiωt + eikze−iωte−ikze−iωt

+ eikzeiωte−ikzeiωt + e−ikzeiωte−ikze−iωt

+ eikze−iωteikzeiωt + eikzeiωte−ikzeiωt

+ eikze−iωte−ikze−iωt + e−ikzeiωte−ikze−iωt
]
.

(32)
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Many of the exponential terms cancel out which, once the remaining terms are consolidated,

results in

E2
T = E2

f

[
2 + e2i(kz−ωt) + e−2i(kz−ωt)

]
+ E2

b

[
2 + e2i(kz+ωt) + e−2i(kz−ωt)

]
+ EfEb

[
e2ikz + e−2iωt + e2iωt + e−2ikz + e2ikz + e2iωt + e−2iωt + e−2ikz

]
,

(33)

which can further be simplified by combining the exponentials in the third term of the

equation:

E2
T = E2

f

[
2 + e2i(kz−ωt) + e−2i(kz−ωt)

]
+ E2

b

[
2 + e2i(kz+ωt) + e−2i(kz−ωt)

]
+ EfEb

[
2e2ikz + 2e−2ikz + 2e2iωt + 2e−2iωt

]
.

(34)

Equation 34 is the last step in the derivation. It is the most simplified version of the full field,

resulting from the combination of a forward propagating and counterpropagating electric

field. The first term in the equation is entirely due to the forward-propagating field. The

second term is from the backward-propagating field. The third term arises from the two

fields interacting.

6.2 Analysis Code

A majority of the data analysis required for our experiments was accomplished using the

Python programming language. The code was designed for a specific task: to break apart the

data arrays produced by the LabVIEW code, and create contour plots demonstrating the

intensity values over the length of each scan, as well as over all wavelengths of light observed

by the spectrometer. Provided this challenge, analysis.py was born.
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6.2.1 Structure and Functionality

The structure of analysis.py is broken up into five separate functions. These functions are

listed in Table 2:

Table 2: Analysis Code Functions

Function Number Function Name
I Full/ROI Plot
II Smooth/ROI Plot
III WOCP Spectrum Analysis
IV WCP-WOCP Spectrum Analysis
V Normalization

We will go on to define the functionality of the five parts of analysis.py. Since the primary

goal of writing this code was to create a normalized plot to be used for all subsequent analysis,

the Normalization Function listed in Table 2 has become a separate module. We will proceed

by describing the first four functions that are still within analysis.py. These are all precursor

functions that were utilized in the the module named normalize.py. Then we will discuss the

functionality of normalize.py, including its module and data file dependencies.

The program initialization procedure is straightforward. It clears the terminal and provides

text for the user to choose which function to run for data analysis. The program is designed to

run through once and then terminate, which can be tedious if the user wishes to run through

multiple iterations of data. However, the code does not implement a continuous loop to keep

the it running, as that would detract from focusing on building up the code’s functionality.

If this code winds up being used more extensively in future parts of this project, then it is

recommended that someone add a continuous loop to the code. It will make the code run

without the user having to tediously restart each time a plot needs to be produced.

Full/ROI Plot Function

The Full/ROI Plot function takes the first output file produced from the LabVIEW code

and produces a contour plot of the intensity values for a particular counter-propagating scan,
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across the wavelengths observed by the spectrometer. The user can specify a cropped “region

of interest” (ROI) to zoom in on.

The user is prompted to specify which file to load. The LabVIEW code produced three file

types from a single scan, so the file should be an “a” file (e.g. “scan3a.txt”). The code imme-

diately converts the specified file into an array. The array dimensions [m, n] are measured,

and from this we define a scan length. The array is then broken up into three sub-arrays:

a 2-dimensional intensity array, a 1-dimensional wavelength array, and a 1-dimensional po-

sition array. Then the code transposes the position array so it can slice off the useless data

from the end. Slicing is defined as taken the entire data array and cutting off the useless data

values that correspond to background noise. The intensity array is transposed, and then the

code runs the plt.contourf() function to make a plot of the three arrays. The user is asked

to specify the range of wavelengths that should be plotted, and everything outside of this

range is removed. The spectrometer we used for the scan has a manufacturer’s calibration

on how to convert wavelength into a pixel number. This is useful since we need to slice the

array at a specific pixel in order to plot over a smaller scale (ROI). The equations used for

this are

B0 = A0 −
A2

1

4A0

(35)

B1 =
A1

2A2

(36)

where A0 = 348.4316445, A1 = 0.069763835, and A2 = 2.98682 × 10−6. The code defines

these equations and coefficients, and calculates the minimum and maximum pixel numbers

to be used as the boundaries for the slice operation.

Next, the intensity and wavelength arrays are transposed in order to slice them at the

calculated minimum and maximum pixel numbers. The wavelength array is transposed back
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to its original orientation, and then another call is made to the plt.contourf() function.

Smooth/ROI Plot Function

Similarly to the previous function, the Smooth/ROI Plot function produces a nearly-identical

output file to the previous function, the only difference being the incorporation of a smoothing

function, which produces a smoothed and cropped contour plot.

The part of the function up to the smoothing algorithm is the exact same plotting procedure

that is detailed in the previous function. The smoothing algorithm begins with the creation

of an empty list to handle some temporary values. The user is asked to specify the smoothing

factor. There is a check in place to make sure the user specifies a number that is lower than

the length of the array. The program then calculates the edge pixels to ignore. At first glance,

this could seem to be a waste since we are essentially ignoring the pixels on the front and

rear edges of the plot and not averaging them. However, this number is low enough for our

typical specifications to avoid interfering with a majority of the data. First, the program

simply places the front edge values into the list, since they are not being averaged. Next,

the program runs through the array, slicing it around the values (the length of the slice

being equal to the smoothing factor). The pixels are then averaged and placed into the list

for temporary storage. Finally, the rear edge values are placed into the list, for the same

reason that the front edge values are. Once the values are all averaged and placed into the

temporary list, the list is then converted into an array using the very useful Numpy function

called np.asarray(). The three arrays are plotted with user-specified properties. From this

point on, until the end of the function, is an exact copy of the slicing algorithm. The final

output is two plots: both smoothed, one of which is a full plot and the other is a sliced

plot.

WOCP Spectrum Analysis Function

The WOCP Spectrum Analysis function produces a plot of the intensity versus wavelength

spectrum at a specified region of the contour plot, when there is no counterpropagating
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beam interfering with the forward propagating beam. The file used for this function is a “b”

file.

After the data file is loaded, the data is converted into a Numpy array and transposed

in preparation for creating the spectrum. The user is then asked to specify a location on

the intensity plot, which is essentially the length of the array (minus the last two parts,

which are the wavelengths and positions). There is a check in place to make sure these

boundary conditions are met. The x-axis and y-axis is specified based on a part of the

array. The spectrum is then plotted with the properties specified. At this point, the function

runs through the smoothing algorithm. The algorithm is modified slightly to include the y

(intensity) values only. Since x and y are both 1-dimensional, there is no longer a need for

nested-for loops. A smoothed plot is then rendered and produced.

WCP-WOCP Spectrum Analysis Function

The WCP-WOCP Spectrum Analysis function produces a nearly-identical output file to the

previous function, but with the introduction of a counter-propagating beam to the forward-

propagating beam. The file to be used for this function is an “a” file. The main difference

between this function and the previous one is that the initial array is not transposed (since

“a” and “b” files have different formats). Therefore, there is no need to describe the procedure

of this function, since it is virtually identical to the previous one, save the difference in the

initial transpose command.

Normalization Function

The Normalization Function, originally a part of the analysis.py module, has now grown to

become a separate module, normalize.py. The function begins by importing several Python

modules that are used for calculations and plotting, as well as some of the routines for

smoothing and slicing. These routines are separate modules to make the bulk of the code

simpler. The only necessity is to run this primary module in a file that also includes these

independent, but vital modules.
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The next routine asks for the user to specify which “a” and “b” files to input. The code writes

the data files to arrays, measures them, slices them into separate variable arrays for handling,

and then trims and transposes them to be used for processing and, eventually, plotting. The

user is left with three arrays: a position, wavelength, and intensity array. Copies of these

arrays are also used. This is to ensure that nothing is mixed up when those files are plotted,

and then used again for normalizing and further plotting. I thought it simpler to make a

separate batch of arrays for the non-normalized plot, and another batch of identical arrays

for the normalized plot.

Next, the code asks the user to specify at which wavelength the code should make an intensity

plot slice. The wavelength is then converted to a pixel value. The temporary arrays are passed

into the smooth routine module, which smooths the pixels vertically based on a specified

smoothing factor. A typical value used for the factor is 11, but this might be specified

differently depending on how this code is used in the future. The smoothed arrays are then

passed into the slice routine, and sliced at a minimum and maximum wavelength that is

specified by the user. This range is typically 390 nm to 425 nm. Finally, the code plots the

three arrays using Python’s contourf() function.

The normalization routine follows the first plotting routine. Basically, the code takes the

spectrum without the counter-propagating field, and smooths it by passing it into the spec-

trum smoothing routine function. Then, it calculates the mean of the noise in the spectrum,

and normalizes the intensity array by dividing each row of values by a row of averaged noise

values. This effectively normalizes the intensity array. The following occurs, which is iden-

tical to the previous handling of the intensity array: it is smoothed, sliced, and then the

normalized array is plotted using Python’s contourf().

Also included in the code is a plotting feature of both the WOCP spectrum, and the nor-

malized intensity at a particular wavelength. For this last feature, the intensity of the second

harmonic signal is plotted as a function of relative position, at a particular wavelength in
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the spectrum. The analysis code finishes running by opening two text files and writing the

normalized intensity array values in one and the position array values in another. These files

can be read into other programs for further analysis.

6.2.2 Simulation FFT Code

One of the last parts of the code is a basic procedure that uses Numpy’s Fast Fourier

Transform (FFT) function to take a signal and conduct a Fourier transform on it. The FFT

function was used in two situations. The first situation was tacked on to the end of the

normalize.py script, which takes a Fourier transform of the second harmonic signal from

experiment, and then plots and writes the data to file. The second situation does this in

an independent module called cprop simulation.py, which takes the Fourier transform of a

simulated signal, and both plots it and writes the data to file.
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